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Abstract
This report suggests possible ways for further theoretical study of the interaction
of an electron beam and the ions in a hot-electron plasma. We obtain the equations for
beam-plasma interaction in a filled cylindrical waveguide in which the thermal velocity
distribution is longitudinal but otherwise arbitrary. We describe an approximation
based on these equations by using only one transverse wave number. A close resem-
blance is found between the approximate solutions and the theory of plane waves in an
infinite beam-plasma system, traveling at an angle with the direction of the beam and
the magnetic field and having a certain fixed real transverse wave number. We take
advantage of this resemblance and calculate beam- (hot-electron) plasma interaction
including a transverse random velocity distribution. We combine the theory of a fila-
mentary beam and a plasma-filled waveguide, using the coupling-of-modes theory, for
the description of some of the weak interactions between a thin beam and a finite
plasma.
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I. INTRODUCTION
Beam-plasma discharges have been described by Getty and Smullin. l' 2 Experimen-
tally, these discharges have been shown to yield a plasma in which the electrons may
obtain very high random velocities; 250-keV electrons occur in a beam-plasma discharge
excited by a 10 kV-10 amp beam, as is observed from the emitted x-rays.
The ions, however, still seem to be cold (a few electron volts). A logical further
development of beam-plasma discharges is to consider the problem of heating the ions.
Since impurity radiation is disastrous for the ion temperature, a first experimental
attack seems to be to improve the "background vacuum pressure" in the continuously
pumped system.3 A second possibility is to investigate the direct interaction of the beam
(or possibly a cloud of electrons having a low drift velocity that is somehow generated
in the beam-plasma discharge) with the ions in the plasma. The oscillatory ion motion
resulting from this interaction may then be randomized through nonlinear effects. (To
investigate this mechanism it seems worth while to inquire whether the electron beam
carries enough DC energy to drive the ions into nonlinear motion. An ion beam premod-
ulated at ion plasma frequency may also be considered.) A third method is to use ion-
cyclotron heating of the beam-plasma discharge. If the external magnetic field in which
the discharge is excited is sufficiently high (8000 gauss yields an ion-cyclotron frequency
of 560 Mc/sec) the high-frequency field necessary for this heating can be applied through
simple condenser plates or coils. A similar experiment is under way with the
C-Stellerator at Princeton University.
The subject of this report is mainly aimed at methods for further theoretical inves-
tigation of the beam-ion interactions. The existence of these interactions is indicated by
the fact that the beam-plasma discharge emits (apart from radiation in the kMc/sec
range, very likely caused by electron-plasma oscillations) electromagnetic radiation
in the frequency band between 100 Mc/sec and 500 Mc/sec. This must be due to an
ion-plasma oscillation, since the frequency is always roughly 50 times as low as the
high-frequency electron oscillation
ei= te p 50,
where p is the plasma frequency, m is the electron mass, and M is the ion mass.
The excitation mechanism of these oscillations is not clear.
Theoretically, it has been shown by Bers and Briggs that when the electron temper-
ature in a plasma is sufficiently high a beam can interact directly with the ions in a
plasma through the same mechanism as that through which it interacts with the electrons
in a cold plasma. 4 The reason is that the ions are unshielded by the electrons at high
electron temperatures or, in other words, the random energy of the electrons is so high
that they cannot be trapped in the space-charge fields set up by the beam-ion
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interaction. Further theoretical study shows that in an infinite beam-plasma system a
very strong interaction at the ion frequency occurs when the Debye radius of the electron
gas is larger than the wavelength of the ion oscillation. Furthermore, in finite systems
a backward-wave interaction occurs.
We shall discuss methods to extend the existing theory, which is based on the quasi-
static approximation, and the assumption that the plasma electron temperature (expressed
in volts) is much higher than the beam voltage. We shall replace these approximations
by less stringent ones and derive dispersion equations for beam-plasma waveguides
having arbitrary velocity distribution of the plasma electrons. Furthermore, a model
for cyclotron interaction of a thin beam and a plasma-filled waveguide will be discussed.
Finally, an experiment showing beam-ion interaction will be described and it will be
shown that nonrotational symmetric waves may be responsible for another beam-ion
interaction mechanism.
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II. EQUATIONS DESCRIBING BEAM-PLASMA INTERACTIONS
IN FINITE SYSTEMS
We consider a cylindrical waveguide filled with a number of beams and with an
external magnetic field along its axis. For the description of this system we refer to
an earlier paper, 5 or to the work of Serafim. 6 Here we follow closely the notation and
derivations of our earlier paper.5
For the AC quantities Maxwell's equations for a space containing n streams of
charged particles are
V X E = at (1)
V X H= e o at + in (2)
V*E= - Pln'
where E and H are the electric and magnetic AC field strengths, Pin and in denote the
contributions of the nth beam to the AC space-charge density and the AC convection-
current density.
The relativistic equation of motion for the particles of the n t h beam is given by
d (4)
dt (mnKnVn) = qn(E+Vn X B);
the beam velocity Vn consists of a static velocity u n and an AC velocity vn; mn and qn
are the rest mass and the charge of the particles of the nth beam, Kn = -
and B is the total magnetic field, that is, B o + oH. Linearizing this equation and taking
the drift velocity and the external magnetic field Bo in the z direction, we can write for
the separate velocity components:
av av qn
nr +u {Er+Vn Bo-uoUnHH} (5)
at n az m Kr n rnn
av av qnnz + nz n E- vrBo+oUn Hr (6)
at n a mK 3 n n
Equations 5-7 hold for a plasma when taking u= 0.8--q-- + Un a~ - m K3 E . (7)
nn
Equations 5-7 hold for a plasma when taking un = 0.
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The first-order AC convection-current density carried by the n t h beam is given by
Jn = UnPln + VnPn' (8)
where POn is its static space-charge density. The continuity equation for the n th beam
is
aPln (9)
at
We now take the z- and t-dependence to be of the form exp j(wt-pz). We can then
solve for the velocity components from Eqs. 5, 6, and 7:
v
nr
vnO 2-
m nKn (\Pn- n)
v
nz
2 2
pnn 0n /\ ltn~~l  J \ //
j2n Wpn 0 Hr ~r
+ Uno -pn jn2 0 H0
0 0 0 \Hz
(10)
In Eq. 10 we have introduced the notation on = o - un and the cyclotron frequency
of the n t h beam, 2n = qnBo(mKn) - 1 Applying the conservation-of-charge equation (9),
n no nn th
we can determine the AC charge density of the n beam from (1), (8), and (10) in the
form
2
n - no Lnbn~o(rE + 1 E +
2 2
on n aHra(
+ jP K c E + Un LOopn r ar ra) 1J
The AC current density of the nth beam, from Eq. 8, is
4
2
JE obn
(Wpn-i )
j n
+ Un o pn
n 8
-Ln
-j2n 2n Q
Un 
-J - r(r
WPn
j Q
n
n 
r a0
0
0
rn aj _ (r
r 
o E
r
K o
_ 2
- n E z/
(12)
jn
The matrices now contain differential operators working on the transverse components
of the field strength.
We now use Eq. 1 to eliminate H from Eq. 12.
again in tensor form as
0
-jp
1 a
r 0
We therefore write this equation
1r a
0 a E( - ar
0rr Or
and introduce this form into the last term of Eq. 12:
(13)
2
WPn
nn
c+an
pnu nr a nU a
-J r r O
WPn
jn 
2
'pn
-pnun a 2nun a
-rj ao ur (rr 9- wr ar
_nUn a nUn_ \/ 
ur aoJ Er
Un pn a nUn a
J r aeo ar 
P Ez
(14)
where
2 2
Pn n
P=- 2 2 2
Knwon
1 a2
Z Zr
r 9
5
/nr
Jnz
jnz
H -
Woxo0
inr
jnO =
jnz
un a ( ar
Having thus expressed the current density in the n th beam in terms of the components
of the electric field, we can use Eq. 14 in connection with the well-known wave equation
2 
V(VE) 
- AE -- E = -jo E jn (15)
n
As will be clear from Eq. 14, addition over the different beams can be done simply by
placing a summation sign for each single term. Writing the wave equation (15) in tensor-
operator form yields:
1 2 2 1 2 + - k a r(r i Er2 a302 2 aOar ar
a (r a a ( 1 a (r+ 2-k2 j a E\ r - r r ar r a _
1 a 1 a r 12 2Jb r rr 
-r k E
-J Tr a rr aeZ
:- o Jn'
n
(16)
Substituting Eq. 4 for the right-hand side of Eq. 6, we now find an equation containing
only the electric-field components. This equation is of the form
op E=, (17)
where Mop contains the derivatives in r and . We now make an important restriction,
namely, we only consider rotational symmetric modes. As we shall show, important
instabilities at low frequencies may arise in nonrotational symmetric modes. These
modes seem to be entitled to further study, but a detailed study has not yet been made.
We shall restrict ourselves to rotational symmetric modes, a = 0. As is known
from previous work, ' solutions of the three partial differential equations as given in
Eq. 17 are:
E = EzJ(Tr); Er = ErJ l (Tr); E o = EJ l1 (Tr). (18)
We can introduce this solution into Eq. 7 by writing
E r 1 (Tr) 0 0 Er
E= E = 0 J 1 (Tr) 0 E , (19)
E z0 0 J(Tr E
r1 :/
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ii
and a similar equation for jn Now, expressing Eq. 14 in jn and E yields
WPn
WPn
-
u
n n T(A)
j
2
opn
K2
n
cPonun T
n U
On
E. (20)
Similarly, Eq. 6 becomes
0 jpT
T+ 2 + 2 0
O T2 - k2
E = (21)
'o , n'
n
Combination of (20) and (21) yields an equation of the form
M(T) E = 0, (22)
where M is a simple matrix. For the case of a waveguide filled with a plasma of "lon-
gitudinally hot" electrons and cold ions, penetrated by an electron beam, we obtain
2
G · _ .2 .. . 2 2C . )_.
-Tpa c (o-Pu)- f(u) u pb -pb2 2 k2 +pa -u u u __ 
11 22 = c2 22 2 +
c -c Kew-Pu e c - - b
2
Opi 2
2 2 02
c -(3)
(23)
2
2 2 pe
M33 = - k+-
C
2
Wpb
+ 2
c
2
ob
2
* pe
M12 = M21 = 2
'c 2
.c K o f(u)
-c Ke (-[u)Le
2T2 f(u)
K {(P-u)Z -n2
U 2
b -
2 2 Q
WPb-2
Ic e(ow-pu) f(u) du
-c Ke{('Pu)_Q'e}
2
pi oQ.
2 2 2C o -U.
7
.
=
n
2
WPn
WPn
T
n Wni (
(2 k 2
-jpT
2
pi
* du +-2
(24)
2
Opb
2
WPb
(25)
_- -
M M31 13
MZ3 = M3Z23 32
2 T
pe c (w-Pu) uT f(u) du pb uo bT
-c K {(-3u)2 } b b b
2 2
Cpe rc eUT f(u) du Opb ZbuoT
c2 -c {(-3u) e}Ke Kbc 2 'b 
e e e Kb2 POb 
in which the indices i, e, and b denote plasma ions, plasma electrons, and beam elec-
trons. The summation over the different velocities of the plasma electrons is replaced
by integrals, where f(u) is the normalized distribution function so that when integrated
over all velocities it yields unity. The beam velocity is taken to be uo. The plasma fre-
,qoe
quency of the electrons is defined nonrelativistically: pe= , and for completeness
o -1/2
relativistic effects are accounted for separately in Ke = (2 . In the beam-plasma
frequency, however, relativity is accounted for in the definition given in the earlier
5paper.
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(26)
(27)
III. APPROXIMATE METHODS FOR THE SOLUTION OF THE EQUATIONS
The requirement for nontrivial solutions of Eq. 12 is
det M = 0, (28)
which is the determinantal equation. The dispersion characteristics are found from the
determinantal equation, together with the boundary conditions
Er(R) = E(R ) = 0, (29)
where R is the radius of the waveguide.
Before treating this boundary condition, we have to realize that Eq. 28 is quadratic
in T2 so that for one set of values for w and p two values for T arise. Therefore in
general the field form of waves in a plasma-filled waveguide is
E z = EzlJ(Tlr) + EZJo(T2 r)
EO = E 0 1 J 1 (T l r) + EO 2 J 1 (T 2 r).
Now we need an expression to relate Eon and Ezn, which is readily obtained from
Eq. 28
E n EZn= C(T n ) E (31)On M M zn n zn'
M11 M12
M21 M22
n
where the index n (=1, 2) means that the equation is used after replacing T by Tn. Intro-
ducing (31) into (30) and applying (29), we obtain
Jo(T1 R) Jo(T2 R)
= 0. (32)
C(T1 ) J 1 (T 1R) C(T 2 ) J 1 (T 2 R)
The dispersion problem now consists of the simultaneous solution of Eqs. 28 and 32.
The solution of this problem - because of its complexity - is undertaken for the case
of a waveguide filled with a cold plasma only. 7 8 The presence of the beam and the
plasma temperature make the problem even more complicated. Therefore we propose
an approximation, namely, instead of solving Eqs. 28 and 32 simultaneously, we only
solve Eq. 28 after substituting for the value of T that occurs in this equation the value
obtained from
Jo(T01R) = 0. (33)
9
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This approximation is supported by several considerations. In the first place, in the
quasi-static approximation only one value of T is used and separation into E- and
H-modes is possible. In the exact solution the wave may be predominantly of the H-type
or E-type, but it is always a mixture of both. For a predominantly E-wave, one of the
T's, in most practical cases, (phase velocity < light velocity) will be close to T 0 1 of
Eq. 33. Similarly, for a predominantly H-wave T will be close to T, given by
J 1 (TR) = 0. If now the dispersion diagrams, as obtained by the suggested approximation,
do not depend strongly on T, a number of diagrams with different values of T will give
a good impression of the dispersion characteristics of the actual system under study.
In the second place, a careful study of the results of the work of Le Mescec and Camus8
shows that for a plasma-filled waveguide, when the phase velocity is smaller than the
light velocity, the exact solution follows closely the solution obtained by the suggested
approximation.9 An advantage of this approximation is that it describes correctly the
backward- or forward-wave character of the waves around the highest of the two reso-
nance frequencies pe and 12ce. Quasi statics always gives a backward wave in this band,
which may lead to misinterpretation of the nature of beam-plasma interaction in the case
2 2 2 
of T0 1 c Z Ope or pi'
Having accepted the approximation suggested above, we obtained the dispersion dia-
grams of the interaction of an electron beam with a cold plasma (the ions are assumed
to be infinitely heavy). Figures 1, 2, and 3 show that the dispersion characteristics are
not strongly dependent on T but change in an understandable way with changing T. Fig-
ures 4, 5, and 6 show the dispersion characteristics of beam-plasma systems with prop-
erties characterizing the start of the beam-plasma discharge (first regime, described
by Getty and Smullinl).
The next step is to solve Eq. 22 for beam-plasma interaction, with the electrons
assumed to be hot. The Mnm of Eq. 22 are then given by Eqs. 23-27. We now have to
specify further the velocity distribution function f(u), and discuss the integrations
involved. If we choose for f(u) a square distribution function
f(u) = U(u+u1 ) - U(u-ul), (34)
U being the unit-step function, effects like Landau damping are excluded. A Maxwellian
distribution,
1 mu 2 /kT kT1 - e ef(u)= e V (35)
includes th e effects but the integrals cannot be solved in closed form. A resonance
includes these effects but the integrals cannot be solved in closed form. A resonance
distribution,
a/I 2
f(u)= 2 2 2' (36)
(u +a )
may be used for waves having a phase velocity smaller than the mean-square thermal
10
Fig. 1. Beam-plasma dispersion diagram for T = 0. 1.
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Fig. 2. Beam-plasma dispersion diagram for T = 4. 8.
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Fig. 3. Beam-plasma dispersion diagram for T = 15.
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Fig. 4. Beam-plasma dispersion diagram for u = 0. 2 X 1010.
14
, -= 5X0/°0
a' =Yx9J 0o 
t o =-.xfO
= 3x.( l'°
T = 6
Fig. 5. Beam-plasma dispersion diagram for uo = 0.4 X 1010
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velocity. For waves faster than this velocity, the Maxwellian distribution is preferable.
Since we did not use quasi statics, it is worth while also to consider relativistic distri-
butions.l 0 Furthermore, the theory outlined here can be used in more complicated
cases, for example, that of an electron-gas with a double-humped distribution function
f 2u) -- 2 ~ +z z.Z (37)
(.u- I)2+aj (u+u ) +a 2
interacting with cold ions.1 1
We now come to the integrations that must be performed along the real axis in the
u-plane. We further specify that we look for roots of when we assume to be real.
We now encounter a severe difficulty that escaped our attention by assuming the z- and
t-dependence to be of the form exp{j(wt-Pz)). We should have taken the Fourier-Laplace
transformation
E^, p) = dz dt E(z, t) ej( t- f3z)
z00oo 00oo
and similar transformations for the other unknowns with the boundary conditions E(z, t) =
0, when t < 0 and E(z,t) has a certain prescribed value for t = 0. If the transverse
dependence of the perturbation "fits" in the mode patterns, we arrive at, instead of
Eq. 22,
M(, p) E(o, ) = B(O, ), (38)
where B(O, 3) is the description of the field at t = 0. This can be checked: if we take as
the only boundary condition
nz(, , r, ) = nz(O,) Jo(Tr),
B(O, p) takes the form of a column vector with components (0, O,-jv pnz 2 ). Solving (38)
for Ez by using Cramer's rule, we obtain an equation of the form
^ ~(o, P)
Z M( P) ,
where (o, P) contains also v (, P). This equation has to be transformed back to the
nz
z, t plane by
E(z, t)= d do Ez(w, ) ej( t- z)
z ' 0 CO-joo
By analogy with the problem of Landau damping, it can be argued that y is such that
the integration goes below all singularities in the o plane, the singularities being given
by I M(w, P) = 0. We now want to move up the integration path to the half-plane given
by oi > 0. This means that we have to know the poles of the integrals occurring in1
17
. _ I 
Eqs. 23-27 and the analytic continuation of their integrands. This means, by the same
arguments used by Landau, that we have to deform the u-integration in such a way that
the poles u = (wRA-) are always below the integration path, which can be closed
through wi = oo.
The method suggested here has not yet been applied to a special case. Research in
this direction is being performed. 1
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IV. CONNECTION BETWEEN PLANE WAVES AND ROTATIONAL SYMMETRIC
WAVES IN WAVEGUIDES AND SOME REMARKS ON HIGHER ORDER MODES
The determinantal equation 28, with M given by Eqs. 23-27, appears to have themn
same form1 3 as the dispersion equation previously given, with T replaced by the trans-
verse wave number p . The approximation described in Section III is therefore identical
to studying plane waves with a given real transverse wave number through a beam-plasma
system. This reminds us that the H01 mode in an empty waveguide can also be built up
from the interference of a plane wave bouncing back and forth between the low walls of
the waveguide. Of course, in our case the effect is much more complicated, but math-
ematically the correspondence still exists. It is therefore possible to avoid all trouble
with cylindrical coordinates and start from the beginning with the consideration of plane
waves in an infinite beam-plasma system.
Of course, this correspondence is only proved for rotational symmetric modes. For
higher order cylindrical modes with E = A J(Tr) ejno further study will be necessary.
It seems advisable to perform such a study, since space-charge wave instabilities in
transverse direction at the ion-cyclotron frequency may also occur. To understand
this 4 one considers the dielectric constant of a cold plasma in transverse direction:
2 2
2 pe Pi
el -(Mll-P)-2 = 1 2 2 2 2 (39)
e i
as can be obtained from Eq. 23. For EI to become zero and negative we have to solve
E = 0 or (02_2) (2i2) 2(2 +w2i) 0. (40)
for w << e and wpe and wpe >> pi this yields (w>>Qi)
2
pi
P (41)
p 2
pe
1+ 2
e
When a beam with a transverse modulation of frequency war or smaller is shot through
the plasma (such a beam is in practical cases neutralized by ions) the space-charge var-
iations in the transverse direction will give rise to electric fields. Since E < 0 and E E
is proportional to the space-charge variations involved, the fields will act in such a way
as to increase the variation when E < 0. (The normal longitudinal space-charge wave
interaction of a beam and a plasma can also be explained in terms of a negative E.)
A final remark: Although the rotational symmetric modes in a waveguide have been
shown to be described by the theory of plane waves in an infinite beam-plasma system
19
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with constant real transverse wave number, the study of the dispersion characteristics
of plane waves making an angle with the beam constitutes another problem.
20
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V. PLANE WAVES IN INFINITE MEDIA
Having shown the importance of plane waves in the study of finite beam-plasma sys-
tems, we shall take advantage of this correspondence by deducing the determinantal equa-
tion for plane waves in an infinite beam-plasma system in which the plasma also has a
transverse temperature. We shall use the Boltzmann transport equations in our descrip-
tion.
The momentum-conservation equation for the plasma electrons yields
joe + P Vple + t(eXBo) =-WE (42)
o
where the temperature is described by
v2 0 0
P
-~~ 2
VT = Vp .0
20 0 VL
vp2 and vare the mean-square random motions perpendicular to and along the magneticp
field lines, respectively.
Since we consider plane waves of the form
exp j (wt-- .r),
we may replace V by -jo. Furthermore, without loss of generality, we may assume
p to be located in the z-x plane (Bo and the beam are in the z-direction). Using the equa-
tion for mass conservation
V POeVe =-jo'Ple (43)
to eliminate Pie from Eq. 42 and expressing Ve in E yield
2 22 2
- xVp p~e vPxP z
jc e 2 0 e jw~nE (44)
-V P 0 20 ve =jE.
2 22
vL3PX, z zL/
Inversion of this equation, by using
-s .,, Aadjoint 
A v e jwE - ve = jo E,
IAI
21
I
and calculating the electron current je =
jo 2 (2v 2)
Qe ( 2-[2 v2)
ov pPzPx
2(2 Q- p2v2 p 2)
joQ eV p p
e p x z
2 2
-jo 12eVLPxPz E.
Z 2P Zv2 2)
(Wp x p Q 2e 2(45)
(45)
IAI = {(p22zvL) 2xp2v_ 22) - 2 2 p2v}p e x-zVL  ·
The convection current carried by the plasma ions can be obtained from Eq. 45 by
2 2
setting the temperature equal to zero and replacing e by 1i and w by :1 I pe pi
-/_
2
JEopi
i= 2 2 I 1
w ~ Qi
1°
-j2 i 0
-o 0 E.
2 2
0 - (A)
For -ta c 15
For the beam electrons, for the relation between jb and E, we use
Jnx
Jny
Jnz
Wpn
-jin
PTUn
2 Wpn
j Eobn 
2 2 (2 
cpn n
-PTun
-j pn 
WPn
n
co- PTUn
WPn
2 
pn
2 2
PTUn
2
C
E
x
E
y
z
Similarly, we now obtain
22
2
e Ao po
IAI
Here,
(46)
(47)
00eV e yield
E1 2
2 2Px + 2
' 2 2 K
2
K
2 2
WPb Wpb
'11 = 12 2 2
pb Qe
2 2
WPb 'pb
22 = 1 2 2 - Q2
pb e
2
pi
c2 2
i
2
CO .pl
2 2
-
PxPz
E13 + 
23
2
px
E33 -
K
2
o
pe 2 2 2\
_ _Pe 2 (- PzV )
IAI
2
cope 2/ 2 2 2
2 2 2
Wpb Wpb xpeU
°pb pb pxou Pe / 2 2 2 2\
133 = K2 w2 2 2 2 IA I x peJ
p O b e I
1 =b e
E12 = j 2
C
2 2
_pb . Wpi .e 
2 Q2 Jw X2 2+ 
Opb -e i - A
PxUo pb pb
13 - - ( ,Bb- 
22 2
LO PxPzWpe
IAI = 331
2
2 pu pexoe x o pe *
23 Z - pb J IAI eVLPxPz 632' (54)
This yields the dispersion equation, since for a nontrivial solution the determinant
of the matrix in Eq. 48 must be zero. Although this equation is very lengthy, it can be
programmed without any essential trouble by a computer. For simulating a finite beam-
plasma system we need only put a fixed value for px into the equations. Although this
does not give the actual dispersion characteristics, we may expect the same couplings
between the different waves to occur so that the same instabilities occur. Equations 48-
54 can be easily applied to the case in which a longitudinal temperature only is taken into
account by taking Vp to be zero.
P
23
2
11 K2
E21
631 K2
where
(48)
(49)
(50)
(51)
(52)
_ I-__
E32
m (53)
We have then described the same case as before, the only difference being that now
the dispersion equations are based on the Boltzmann transport equations. Formally,
once we have decided to consider plane waves, we could obtain a description based on
the Boltzmann equations. The dielectric tensor of a warm plasma, including the finite
Larmor radius, as deduced by Stix, can then be used together with the beam dielectric
tensor (47). We can combine these equations into the form given in Eq. 48 (which is
identical to Eq. 28). A careful study of these equations might give information about
the question whether it is possible to couple an electron beam with the harmonics of the
16
cyclotron frequencies. According to Landauer's experiment, there are resonances
at these frequencies; this means that coefficients of the dielectric tensor become neg-
ative, so that a reactive medium amplification may occur at these frequencies.
A final remark: The determinantal equation (48) appears to be of the fourth degree
in T 2 (or 2 as in the case of plane waves) so that more boundary conditions are needed.
x
This problem is not yet solved. When we take the transverse temperature to be zero,
of course, we come back to the case of Section III, and we hope that equations 48-54 may
serve as a first indication of what happens when transverse temperature becomes impor-
tant.
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VI. INTERACTION BETWEEN A THIN BEAM AND A PLASMA
Besides the models discussed here one might think of another model than that of plane
waves in an infinite beam-plasma system, namely the interaction of a thin beam and a
plasma. Since we are interested in low-frequency interactions, the wavelength of the
waves along the beam is usually much larger than the beam diameter, which makes the
thin-beam approximation reasonable. Our model will be a waveguide filled with a plasma
in which an electron beam is fired along the axis (z-direction) and may be seen as an
extension of an earlier model. 1 7 The beam is thought of as infinitely thin. The plasma
electrons are assumed to have a very high temperature so that they unshield the ions
completely and enter into our discussions only as a neutralizing background. With the
existing theory of a hot, plane-waveguide we can easily extend the model to finite elec-
tron temperatures.
Our method will be to use the coupling-of-modes theory which allows us to solve for
the two subsystems separately, both of which are well known. 1 8 19 We must be care-
ful, however, because strong interactions are not described by this theory (for example
the reactive medium or space-charge wave amplification). Some of these interactions
do appear in a model in which an infinite longitudinal magnetic field has been used. 2 0
6. 1 WAVES ON THIN BEAMS
A thin beam can carry 6 waves, two longitudinal and four transverse waves. For
our purposes, we only need to consider a thin beam streaming along the axis of the wave-
guide and in the direction of external magnetic field. For the longitudinal waves we know
that the dispersion equation is
w ± Fpb
= u (55)O0o
The power flow is given by Haus and Bobroff.21 For longitudinal modes this power
flow is
1 UoVb * *
PLb - Re j 21 Io v Re , (56)
where use has been made of the continuity equation.
For the transverse waves we need only consider the equation of motion because no
bunching is involved. If we assume that rT is the displacement of an electron from its
unperturbed position, the equation of motion of an electron having a drift velocity u in
the direction of the magnetic field is 2 o
d T dr 
T X e or rQe = Bo)
dt
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Assuming r T to be of the form rT rTej( o ) , separating Eq. 57 into equations for
the x and y components of T', and defining
1
r+ = x + jy x =-(r++r)
or
r = x - jy = - j(r+-r_)
after adding or subtracting the component equations, we obtain
(P-Pe+P)(P-Pe) r = 0
(P-e-d c)(P-Pe) _ = 0. (58)
The first equation describes the right, and the second the left circularly polarized waves.
Power flow in cyclotron waves (P=e Pc) and synchronous waves (P=be) is given by 21
P1 Rel - 2 (rTX Bo (-jTb 2 ' = 2
2 e t Tr+e X Tb (59)
= -Reo Qcpr-rTT + 2 n e rT T)
For the right circularly polarized waves this power, calculated by using x = jy and rT =
elx + e 2 y (el and e2 being unit vectors in the x and y directions) is
r* 2 1 r 
rT X = 2j(RerTX Im r ) rT ZrTrT.
This yields after substitution in Eq. 59
1 (c i -e - * io _eT
PTb = - 1 iorTrT = 1 - e rTrT (60)
Now the upper sign holds for the right (+) and the lower sign for the left (-) circularly
polarized waves. From this equation we find for the different waves
Wave
cyclotron
synchronous
(+)
i1 r--* 0 o -- --- v
T erT - VT VT
-ode T rT
(-)
i onW i I0 e * 0 - .-*
+ 4 rT rT = - VT VT
4Floe
_-4li r Tg n '
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The current associated with the different waves is J = POVT for the cyclotron waves.
When the beam is fired along the axis of the waveguide, which coincides with the z-axis,
the current will be in the 8-direction and has no r component. The current associated
with the synchronous modes is zero, since IVTI = jpIrTI and w = 0. Therefore these
waves do not couple with any waveguide mode. The longitudinal modes have a current
jz P0 V z
We may now define normalized amplitudes in such a way that the dot product with
their complex conjugate gives the power flow. We shall use this result after a short
discussion of the quasi-static treatment of waves in an ion-loaded waveguide.
6.2 ION-LOADED WAVEGUIDE
Because of the high electron temperature, we only consider the ions in the waveguide.
Using Briggs' techniques,4 we can easily extend the theory to finite electron tempera-
tures. The relation between j and E for ions is given by Eq. 46, where the field E is
to be derived from a potential, since we assume V X E = 0 in the quasi-static approxi-
mation
E = -V(. (61)
This potential can be solved from Poisson's equation
;vz =Pi (62)
in which i, the AC ion density, follows from the continuity equation
V ji= -jHp i . (63)
Combination of Eqs. 46, 62, and 63, by eliminating all variables but c, yields
V2 + T = 0, (64)
where
· ·1 =2-~ NP2 2 (65)
Equation 64 yields for circular cylindrical geometry
mn A J (T r) ejnO ej(wt-Pz) (66)mn n mn
P
The boundary condition is 0 = when r = R, so that T nm Here, P gives the
th th nm
m zero of the n Bessel function. The other components are given by
E =-- -A T J' (T r) en
r ar mn n mn
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1 = jn A
0 r 38 r n(Tmnr) ej
E 8- -j3 A Jn(Tmnr) e in . (67)
The AC magnetic field is obtained from Maxwell's equations for curl H. Defining
the sum of the displacement current and the convection current to be equal to jwEErE,
we have
H = - A{T J' (T r) E1 n J (T r) E en10 imn n mn 1 r n mn j
r = A TmnJn(T r) E21 + n j(T r)E jnO (68)
~~Ir P n mn 21 r n mn z
The power flow is obtained from
p =-ErH +EoH ) 2Trr drdO. (69)
P =- 0 r e r
6.3 COUPLING-OF-MODES THEORY
We now apply coupling-of-modes theory as described by Haus. 9 Using the same
notation, we have for the coupling constant
E ib
_ ~ ·p b(70)21 = -4 (7)
ap ab
Here, C21 is the growth rate for the point at which both uncoupled waves have the same21 23
phase velocity. Applying this to the cyclotron waves of the beam, we have
1 EoJ
21 4 *
a * ab
ap a
4jnlJn(Tmnr) ejnO0 e
n mn e (71)
u owr N!V-
where
P =- r Re mn n (Tmn) J(Tmnr) E 22 dr. (72)n2rr n m n 11 rnTmnr) e1 r
Jn(Tmr)
From Eq. 71, we see that C 2 1 is proportional to , which quotient is zero for
n > 1 at r = 0. We need the value r = 0 because we took an infinitely thin beam. In the
next approximation we can let 0 < r << R. For E we then can take n mn dr,
'r
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in which it is clear that the interaction decreases with increasing order. The frequen-
cies at which the interaction takes place have been given elsewhere for an infinitely wide
17 24
waveguide.
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VII. CONCLUSIONS AND SUGGESTIONS
Most of the research described here consists of suggestions for further investigation
of beam-plasma interactions. For rotational symmetric waves in cylindrical waveguides
filled with beam-plasma systems the equations deduced are ready for numerical calcula-
tion. We point out, however, that nonrotational symmetric modes may yield interactions
between an electron beam and the ions in a plasma so that a study of these interactions
is cogent. As a matter of fact, the interaction found by launching an electron beam in a
cyclotron discharge is most likeiy to be of this kind.2 5
The approximate dispersion equation for rotational symmetric modes in cylindrical
waveguides is equal to that of plane waves in an infinite system, provided that the wave
vector has a constant real transverse component. When this is recognized, we can
include transverse temperature in the description of beam-plasma systems.
Some nonrotational symmetric interactions can be studied by using a thin-beam
model. Application of coupling-of-modes theory then yields the increment of the pertur-
bation on the thin beam. The thin-beam approximation makes sense, since at the ion-
cyclotron or plasma frequencies the wavelength along the beam is usually much larger
than the beam diameter.
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